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Abstract In this paper, we investigate the properties of generalized bent functions defined
on Zn2 with values in Zq , where q ≥ 2 is any positive integer. We characterize the class of
generalized bent functions symmetric with respect to two variables, provide analogues of
Maiorana–McFarland type bent functions and Dillon’s functions in the generalized set up. A
class of bent functions called generalized spreads is introduced and we show that it contains
all Dillon type generalized bent functions and Maiorana–McFarland type generalized bent
functions. Thus, unification of two different types of generalized bent functions is achieved.
The crosscorrelation spectrum of generalized Dillon type bent functions is also characterized.
We further characterize generalized bent Boolean functions defined on Zn2 with values in Z4
and Z8. Moreover, we propose several constructions of such generalized bent functions for
both n even and n odd.
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1 Introduction
In the recent years several authors have proposed generalizations of Boolean functions [10,
15,16,18,19] and studied the effect of Walsh–Hadamard transform on these classes. As in
the Boolean case, in the generalized setup the functions which have flat spectra with respect
to the Walsh–Hadamard transform are said to be generalized bent and are of special interest
(the classical notion was invented by Rothaus [13]).
Let us denote the set of integers, real numbers and complex numbers by Z, R and C,
respectively and let the ring of integers modulo r be denoted by Zr . The vector space Zn2 is
the space of all n-tuples x = (xn, . . . , x1) of elements from Z2 with the standard operations.
By ‘+’ we denote the addition over Z, R and C, whereas ‘⊕’ denotes the addition over Zn2
for all n ≥ 1. Addition modulo q is denoted by ‘+’ and it is understood from the context.
If x = (xn, . . . , x1) and y = (yn, . . . , y1) are in Zn2, we define the scalar (or inner) product
by x · y = xn yn ⊕ · · · ⊕ x2 y2 ⊕ x1 y1. The cardinality of the set S is denoted by |S|, and
the conjugate of a bit b will also be denoted by b¯. If z = a + b ı ∈ C, then |z| = √a2 + b2
denotes the absolute value of z, and z = a − b ı denotes the complex conjugate of z, where
ı2 = −1, and a, b ∈ R.
We call a function from Zn2 to Zq (q ≥ 2 a positive integer) a generalized Boolean function
on n variables [16]. We denote the set of such functions by GBqn . If q = 2, we obtain the
classical Boolean functions on n variables, whose set will be denoted by Bn .
Let ζ = e2π ı/q be the complex q-primitive root of unity. The (generalized) Walsh–Had-
amard transform of f ∈ GBqn at any point u ∈ Zn2 is the complex valued function




If q = 2, we obtain the (normalized) Walsh–Hadamard transform of f ∈ Bn , which will be
denoted by W f . A function f ∈ GBqn is a generalized bent (gbent) function if |H f (u)| = 1
for all u ∈ Zn2. When q = 2, then f is bent (these exist for n even, only). If n is odd, a
function f ∈ Bn is said to be semibent if and only if |W f (u)| ∈ {0,
√
2}, for all u ∈ Zn2.
Suppose f ∈ GBqn is a gbent function such that for every such u, we have H f (u) = ζ ku , for
some 0 ≤ ku < q . Then, for such a gbent function f , there is a function F : Zn2 → Zq such
that ζ F = H f . We call such a function F the dual of f (Caution: only some gbent functions
admit duals). By applying Theorem 1 below, one can easily see that the dual of a gbent func-






is the crosscorrelation of f and g at z. The autocorrelation of f ∈ GBqn at u ∈ Zn2 is C f, f (u)
above, which we denote by C f (u).
If 2h−1 < q ≤ 2h , for any f ∈ GBqn we associate a unique sequence of Boolean functions
ai ∈ Bn(i = 0, 1, . . . , h − 1) such that
f (x) = a0(x) + 2a1(x) + · · · + 2h−1ah−1(x), for all x ∈ Zn2 . (1)
If q = 4, then for f ∈ GB4n as in (1) we define the Gray map ψ( f ) : GB4n → Bn+1 by
ψ( f )(z, x) = a0(x)z + a1(x), for all (z, x) ∈ Z2 × Zn2 . (2)
The function ψ( f ) is referred to as the Gray image of f .
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2 Properties of Walsh–Hadamard transform on generalized Boolean functions
The following properties of the Walsh–Hadamard transform on generalized Boolean func-
tions are similar to the Boolean function case.
Theorem 1 We have:
(i) Let f ∈ GBqn . The inverse of the Walsh–Hadamard transform is given by




Further, C f,g(u) = Cg, f (u), for all u ∈ Zn2 , which implies that C f (u) is always real.
(i i) If f, g ∈ GBqn , then
∑
u∈Zn2









(iv) If f ∈ GBqn , then f is a gbent function if and only if C f (u) =
{
2n if u = 0,
0 if u = 0.
(v) Moreover, the (generalized) Parseval’s identity holds
∑
x∈Zn2
|H f (x)|2 = 2n .
The properties of these transforms for q = 2 can be derived from the previous theorem (for
more on Boolean functions, the interested reader can consult [5–7]).
Let ζ = e2π ı/q be the q-primitive root of unity, and f : Zn2 → Zq as in (1). It turns out that
the generalized Walsh–Hadamard spectrum of f can be described (albeit, in a complicated
manner) in terms of the Walsh–Hadamard spectrum of its Boolean components ai .
Theorem 2 The Walsh–Hadamard transform of f : Zn2 → Zq , 2h−1 < q ≤ 2h, where
f (x) = ∑h−1i=0 ai (x)2i , ai ∈ Bn is given by










Proof For brevity, we use the notations ζi := ζ 2i . It is easy to see that, for s ∈ Z2, we have
zs = 1 + (−1)
s
2








, where Ai = 1 + (−1)ai (x), A′i = 1 −
(−1)ai (x), and the complement I¯ := {0, 1, . . . , h −1}\I , for some subset I of {0, 1, . . . , h −
1}. The Walsh–Hadamard coefficients of f are
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2n/2H f (u) =
∑
x














































































and so, we obtain our result. unionsq
In Sect. 7 we will use this result, for the particular case q = 8, which will allow us to
completely describe the gbent Boolean functions in that case.
3 Characterization and affine transformations of generalized bent functions
Let v = (vr , . . . , v1). We define
fv(xn−r , . . . , x1) = f (xn = vr , . . . , xn−r+1 = v1, xn−r , . . . , x1).
Let u = (ur , . . . , u1) ∈ Zr2 and w = (wn−r , . . . , w1) ∈ Zn−r2 . We define the vector concat-
enation by
uw := (ur , . . . , u1, wn−r , . . . , w1).
Two functions f, g ∈ GBqn are said to have complementary autocorrelation if and only if
C f (u) + Cg(u) = 0 for all u ∈ Zn2\{0}.
The next two results were shown in a different context in [17]. One can straightforwardly
infer, by modifying those proofs that these result hold under the current notions, as well.
Lemma 3 Let u ∈ Zr2, w ∈ Zn−r2 and f be an n-variable generalized Boolean function.
Then
C f (uw) =
∑
v∈Zr2
C fv, fv⊕u (w).
In particular, for r = 1, C f (0w) = C f0(w) + C f1(w), and C f (1w) = 2Re[C f0, f1(w)].
Further, f, g ∈ GBqn have complementary autocorrelation if and only if
|H f (u)|2 + |Hg(u)|2 = 2, for all u ∈ Zn2 .
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Theorem 4 If n is a positive integer and h is an (n + 1)-variable generalized Boolean
function, we write
h(xn+1, xn, . . . , x1) = (1 ⊕ xn+1) f (xn, . . . , x1) + xn+1g(xn, . . . , x1).
Then the following statements are equivalent:
(a) h is gbent.
(b) f and g have complementary autocorrelation and Re[C f,g(w)] = 0.
(c) |H f (u)|2 + |Hg(u)|2 = 2, for all u ∈ Zn2 and Hg(u)H f (u) ∈ Rı whenever |H f (u)||
Hg(u)| = 0.
Theorem 5 Let f, g be two generalized Boolean functions in n variables, where
g(x) = f (Ax ⊕ a) +  b · x + d, where A ∈ GL(2, n), a, b ∈ Zn2, d ∈ Zq ,
and  =
{
0, q/2 i f q is even
0 i f q is odd . Then f is gbent if and only if g is gbent.
Proof Let B = A−1. We show the theorem when q is even and  = q/2, since the other
cases are absolutely similar. Using ζ
q
2 = −1, we compute the Walsh–Hadamard transform
of g at z ∈ Zn2,










= 2− n2 ζ d(−1)BT (b⊕z)·a
∑
x∈Zn2
ζ f (x)(−1)BT (b⊕z)·x
= ζ d(−1)BT (b⊕z)·aH f (BT (b ⊕ z)),
which concludes our proof. unionsq
4 Generalized bent functions symmetric about two variables
A generalized Boolean function h ∈ GBqn+2 is symmetric with respect to two variables y and
z if and only if there exist f, g, s ∈ GBqn such that
h(z, y, x) = f (x) + (y ⊕ z)g(x) + yzs(x) (4)
where y, z ∈ Z2 and x ∈ Zn2 and Zn+22 is identified with Z2 × Z2 × Zn2. The binary case,
that is, q = 2, is investigated by Zhao and Li [20]. In the following theorem we obtain a
generalization of their main result.
Theorem 6 Suppose that q is a positive integer. Let h be a generalized Boolean function
symmetric about two variables, as in (4). Then h is gbent if and only if f, f + g are gbent
and s(x) = q2 (and consequently, q must be even).
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Proof Let (F) = F(x) − F(x ⊕ u). Now, for a function h as in (4),
h(z, y, x) − h((z, y, x) ⊕ (a, b, u)) = f (x) + (y ⊕ z)g(x) + yz s(x)
− f (x ⊕ u) − (y ⊕ z ⊕ a ⊕ b)g(x ⊕ u) − (z ⊕ a)(y ⊕ b)s(x ⊕ u)
= ( f ) + (y ⊕ z)(g) + yz (s) − (a ⊕ b)g(x ⊕ u) − (ay ⊕ bz ⊕ ab)s(x ⊕ u),
and the autocorrelation
Ch(a, b, u) =
∑
(y,z,x)∈Zn+22
ζ( f )+(y⊕z)(g)−(a⊕b)g(x⊕u)+yz s(x)−(z⊕a)(y⊕b)s(x⊕u). (5)
Assume that h is gbent on Zn+22 , and so, in particular C f (1, 1, 0) = 0. Replace a = b = 1
and u = 0 in Eq. 5, and since ( f ) = 0 if u = 0, we get
Ch(1, 1, 0) =
∑
(y,z,x)∈Zn+22





















which follows from the following relations (since ζ = e 2π ıq )
kl = ζ l + ζ−l + 2 = 0 ⇔ ζ l = −1 ⇔ l = q2 , and
kl = ζ l + ζ−l + 2 = 2
(
1 + cos 2πl
q
)
∈ (0, 4], if l = q
2
.
Since Ch(1, 1, 0) = 0 it follows that s(x) = q2 for every x ∈ Zn2. Further, using s(x) = q2 in
(5), we obtain












ζ−ab s(x⊕u) + ζ(g)−b¯a s(x⊕u)
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Moreover,
Ch(0, 0, u) =
∑
x∈Zn2
ζ( f )(2 + 2ζ(g)) = 2C f (u) + 2C f +g(u);
Ch(0, 1, u) =
∑
x∈Zn2
ζ( f )(ζ(g) + ζ(g)− q2 ) = 0;
Ch(1, 0, u) =
∑
x∈Zn2
ζ( f )(ζ(g) + ζ(g)− q2 ) = 0;
Ch(1, 1, u) =
∑
x∈Zn2
ζ( f )(−2 + 2ζ(g)) = −2C f (u) + 2C f +g(u).
(6)
Now, since h is gbent, then Ch(0, 0, u) = Ch(1, 1, u) = 0, from which we derive that
C f (u) = C f +g(u) = 0 (if u = 0) and so, both f, f + g are gbent.
Conversely, we assume that both f, f + g are gbent and s(x) = q2 . From Eq. 6, we obtain
that Ch(0, 0, 0) = 2C f (0) + 2C f +g(0) = 2 · 2n + 2 · 2n = 2n+2, and Ch(z, y, u) = 0, when
(z, y, u) = (0, 0, 0). The theorem is proved. unionsq
For g = 0, we have the following corollary.
Corollary 7 Let h : Z2 × Z2 × Zn2 → Zq (n even) be the generalized Boolean function
(symmetric with respect to two variables y, z) given by h(z, y, x) = f (x) + q2 yz for all x ∈
Z
n
2, y, z ∈ Z2, where f : Zn2 → Zq is an arbitrary generalized Boolean function. Then h is
gbent if and only if f is gbent.
5 Generalized Maiorana–McFarland and Dillon functions are contained in the
generalized spreads class
Let φS denote the indicator function of any subset S of Zn2.
In Theorem 8 below we generalize a result of Schmidt [15, Theorem 5.3] (obtained for
q = 4). The class of functions (7) below is referred to as the generalized Maiorana–McFar-
land class (G M M F).
Theorem 8 Suppose that q is an even positive integer. Let σ be a permutation on Zn2 , and
let g : Zn2 → Zq be an arbitrary function. Then the function f : Z2n2 → Zq defined as
f (x, y) = g(y) + q
2
x · σ(y) for all x, y ∈ Zn2 (7)
is a gbent function and its dual is g(σ−1(x)) + q2 y · (σ−1(x)).
Proof Compute


















ζ g(y)(−1)v·yφ{0}(u ⊕ σ(y)) = ζ g(σ−1(u))+ q2 v·σ−1(u),
and the theorem is proved. unionsq
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In Sect. 7 (Conclusion and open problems) of [16], Solé and Tokareva mentioned that
although there are analogues of Maiorana–MacFarland type construction in the context of
quaternary Boolean functions and generalized Boolean functions [10,15], no construction
has been proposed, which would generalize Dillon’s partial–spreads type bent functions [8].
We propose such a construction, thus answering the challenge by Solé and Tokareva [16].
Let n = 2t . Suppose that Ei (i = 1, . . . , 2t + 1) are t-dimensional subspaces of Zn2 with
Ei ∩ E j = {0}, if i = j (it also follows that E⊥i ∩ E⊥j = {0}, if i = j). It is also noted that in
this case ∪2t +1i=1 Ei = ∪2
t +1
i=1 E⊥i = Zn2. In the following theorem we propose a class of gbent
functions which we refer to as the generalized Dillon class (G D).
Theorem 9 Let n = 2t and k, m1, . . . , m2t +1 be integers such that
∑2t+1
i=1 ζmi = ζ k . Let




ζmi φEi (x), for all x ∈ Zn2 .
Then the function f : Zn2 → Zq defined by
ζ f (x) = F(x) for all x ∈ Zn2 (8)
is a gbent function.
Proof We compute
H f (u) = 2−t
∑
x∈Zn2
































ζmi if u ∈ E⊥i \{0},
ζ k if u = 0,
which proves that f is a generalized bent function. unionsq
Carlet [2] introduced the generalized partial spreads class (G P S) of bent functions and
conjectured that any bent function belongs to G P S. This conjecture was proved in affirmative
by Carlet and Guillot [3]. A similar construction which provides a unique representation of
bent functions was proposed by Carlet and Guillot [4]. Below we introduce a class for gbent
functions which we refer to as the generalized spreads class (GS). We demonstrate that the
Dillon type gbent functions as well as generalized Maiorana–McFarland type bent functions
belong to GS. The question whether any gbent function is in GS remains open.
Let n = 2t . Suppose that E1, . . . , Ek are t-dimensional subspaces of Zn2 such that
∪ki=1 Ei = ∪ki=1 E⊥i = Zn2 . (9)
For each x ∈ Zn2 we define the following two sets
Ex = {Ei : x ∈ Ei } and E⊥x = {E⊥i : x ∈ E⊥i }. (10)
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{i :E⊥i ∈E⊥x }
ζmi ∈ {ζ j : j = 0, 1, . . . , q − 1}, for all x ∈ Zn2 . (12)
Then the function f : Zn2 → Zq defined by
ζ f (x) = F(x), for all x ∈ Zn2, (13)
is a gbent function. The class of such functions is referred to as the generalized spreads class
(GS).
Proof Suppose f ∈ GBqn satisfies (13). Then
H f (u) = 2−n/2
∑
x∈Zn2




























{i :E⊥i ∈E⊥u }
ζmi .
(14)
Therefore any function f ∈ GBqn satisfying (11) is gbent if the condition (12) is satisfied. unionsq
Since the only units in the ring of Gaussian integers are ±1,±ı , we have the next corollary,
for the case q = 4.
Corollary 11 Let m1, . . . , mk ∈ Z and F : Zn2 → C be defined by F(x) =∑k
i=1 ımi φEi (x) for all x ∈ Zn2 . The function f : Zn2 → Z4 defined by ı f (x) =
F(x) for all x ∈ Zn2 is a gbent function if and only if
∑
{i :Ei ∈Ex} ı
mi ,
∑
{i :E⊥i ∈E⊥x } ı
mi ∈
{±1,±ı}, for all x ∈ Zn2 .
The fact that integers k, m1, m2, . . . , m2t +1 exist (at least for q even) such that∑2t+1
i=1 ζmi = ζ k is guaranteed by the main result of Lam and Leung [12, Main Theo-
rem], which we briefly state below. For any given q , let W (q) be the set of weights  for
which there exist mi with
∑





then W (q) = p1N + · · · + pr N. Thus, in our case, if q = ∏ri=1 paii is even, and so, p1 = 2,
then 2t + 2 = 2(2t−1 + 1) ∈ W (q) = 2N + · · · + pr N. It follows that there exist mi ,
1 ≤ i ≤ 2t +2, such that ∑2t+2i=1 ζmi = 0, and so,
∑2t+1
i=1 ζmi = −ζ 2
t +2 = ζ q/2+2t+2, using
the fact that ζ q/2 = −1, which shows our claim.
Below we demonstrate that G D and G M M F both are contained in GS. Our proof is
similar to the proof by Carlet [2] in the Boolean case.
Theorem 12 The generalized Dillon and generalized Maiorana–McFarland classes are both
contained in the generalized spreads class (i.e., G D ∪ G M M F ⊆ GS).
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Proof First, it can be directly checked that, for generalized Dillon type gbent functions with
m1, . . . , m2t +1, k ∈ Z such that
∑2t+1
i=1 ζmi = ζ k , Ei ∩ E j = {0} and E⊥i ∩ E⊥j = {0} if
i = j , the Eq. 12 are satisfied by the subspaces Ei ’s and E⊥i ’s. Therefore, G D ⊆ GS.
Next, we concentrate on the G M M F and assume q to be an even positive integer. Without
loss of generality, we assume σ(0) = 0. Consider the following t-dimensional subspaces,
Ez = σ(z)⊥ × {0, z},
Kz = (σ (z)⊥ × {0}) ∪ ((Zt2\(σ (z)⊥)) × {z}),
(15)
for all z ∈ Zt2\{0}. The duals of the above subspaces are as follows:
E⊥z = {0, σ (z)} × z⊥,
K ⊥z = ({0} × z⊥) ∪ ({σ(z)} × (Zt2\z⊥)).
(16)




ζ g(z)φEz(x, y) +
∑
z∈Zt2\{0}
(−ζ g(z))φKz(x, y) + ζ g(0)φZt2×{0}(x, y), (17)
for all x, y ∈ Zt2. We observe that when y = 0
F(x, y) =
{
ζ g(y), if x ∈ σ(y)⊥
ζ
q
2 +g(y), if x ∈ Zt2\σ(y)⊥.
When y = 0 we observe that (x, 0) ∈ Ez if and only if (x, 0) ∈ Kz. Therefore for all x ∈ Zt2,
F(x, 0) = ζ g(0). Thus, the function
f (x, y) = q
2
x · σ(y) + g(y)
satisfies F(x, y) = ζ f (x,y) for all x, y ∈ Zt2. This proves that G M M F ⊆ GS. unionsq
6 A characterization of generalized bent functions in GB4n
In this section we start by giving the crosscorrelation spectrum of any two Dillon type func-
tions in GB4n . Suppose that n = 2t and Ei (i = 1, . . . , 2t + 1) are t-dimensional subspaces
of Zn2 with Ei ∩ E j = {0}, if i = j .
Theorem 13 Suppose f and g are two Dillon type generalized bent functions from Zn2 to
Z4 such that ı f (x) = ∑2t+1i=1 ıai φEi (x) and ı g(x) =
∑2t+1
i=1 ıbi φEi (x) for all x ∈ Zn2 and∑2t+1
i=1 ıai = ı k ,
∑2t+1




j=1, j =i ı ai −b j = ı k−, then
C f,g(u) =
{
2t ı ai −bi , if u = 0
2t ı k−, if u = 0. (18)
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Proof Using Theorem 9 we obtain H f (u) = ∑2t+1i=1 ıai φE⊥i (u) and Hg(u) =
∑2t+1
i=1 ıbi φE⊥i











































ıai −bi φEi (u) =
{
2t ı ai −bi , if u ∈ Ei ,
2t ı k−, if u = 0.
(19)
Therefore for all u ∈ Zn2 we have |C f,g(u)| = 2t . unionsq
Next, we compute the crosscorrelation of two arbitrary generalized Boolean functions in
GB4n in terms of the crosscorrelation of their component Boolean functions. As corollaries to
the theorem proved below we provide alternative proofs of some results proved by Solé and
Tokareva [16].
Theorem 14 Suppose f and g are two generalized Boolean functions from Zn2 to Z4 such
that f (x) = a1(x)+ 2b1(x) and g(x) = a2(x)+ 2b2(x), where ai , bi (i = 1, 2) are Boolean
functions from Zn2 to Z2. Then the crosscorrelation between f and g at u ∈ Zn2 is









Assume that f : Zn2 → Z4, and write it as f (x) = a(x) + 2b(x), where a, b are Boolean
functions from Zn2 to Z2. Then the autocorrelation of f at u ∈ Zn2 is
C f (u) = 12 (Cb(u) + Ca+b(u)) .
The function f ∈ GB4n is generalized bent if and only if the functions b and a + b have
complementary autocorrelation, that is,




















which follows directly from the formula ıa−b = 1+(−1)a+b2 + (−1)
b−(−1)a
2 ı , for all a, b ∈{0, 1}.
The second part follows from (20) by setting f = g (that is, a1 = a2 = a and
b1 = b2 = b). unionsq
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The following corollary is Theorem 32 proved by Solé and Tokareva [16].
Corollary 15 Suppose n is a positive even integer and f ∈ GB4n, a, b ∈ Bn such that
f (x) = a(x) + 2b(x) for all x ∈ Zn2 . Then the following statements are equivalent:
(i) The generalized Boolean function f ∈ GB4n is gbent;
(i i) The n-variable Boolean functions b and a + b are both bent.
Proof Suppose f ∈ GB4n is gbent. Therefore, by Theorem 14 the functions b, a + b have
complementary autocorrelations which implies that both b, a + b are bent functions (n is
even).
Conversely, if b and a + b are bent functions they have complementary autocorrelations,
and so, by Theorem 14, f is gbent. unionsq
Next we give an alternate proof of Corollary 43 and a slightly generalized version of its
converse presented in Proposition 44 by Solé and Tokareva [16].
Corollary 16 Suppose f ∈ GB4n, where f (x) = a(x) + 2b(x) for all x ∈ Zn2 for some
a, b ∈ Bn. The function f is gbent if and only if
(i) ψ( f ) is bent, if n is odd.
(i i) ψ( f ) is semibent, if n is even and b and a + b have complementary autocorrelation.
Proof Let n be an odd positive integer. Suppose f ∈ GB4n is gbent. Theorem 14 implies
that b and a + b have complementary autocorrelation. Therefore by Theorem 4.2 of [14] the
function ψ( f ) ∈ Bn+1 is bent.
Conversely, we suppose that the function ψ( f ) ∈ Bn+1 is bent. Then, by Theorem 4.2
of [14], b and a + b have complementary autocorrelation. Therefore, by Theorem 14 f is
gbent.
Let n be an even positive integer. Suppose that f ∈ GB4n is gbent. This implies that b and
a + b have complementary autocorrelation, which in turn implies that b and a + b both are
bent functions. Therefore ψ( f ) is a semibent function.
Conversely, we suppose that ψ( f ) is a semibent function. Let b(x) = ψ( f )(0, x) and
a(x) + b(x) = ψ( f )(1, x), for all x ∈ Zn2. In this case, it is to be noted that b and a + b may
or may not have complementary autocorrelation. Therefore, by Theorem 14, the function f
is gbent if b and a + b have complementary autocorrelation, otherwise f is not gbent. unionsq
7 A characterization of generalized bent functions in GB8n
In this section we extend the result of Solé and Tokareva [16] to generalized Boolean func-
tions from Zn2 into Z8. Let ζ = e2π ı/8 =
√
2
2 (1 + ı) be the 8-primitive root of unity. Letf : Zn2 → Z8 be as in (1), that is,
f (x) = a0(x) + a1(x)2 + a2(x)22, (21)
where ai (x) are Boolean functions, and ‘+’ is the addition modulo 8. The next lemma is a par-
ticular case of Theorem 2, which gives the connection between Walsh–Hadamard transforms
of f and its components as in (21).
Lemma 17 Let f ∈ GB8n as in (21). Then,
4H f (u) = α0Wa2(u) + α1Wa0⊕a2(u) + α2Wa1⊕a2(u) + α3Wa0⊕a1⊕a2(u),
where α0 = 1 + (1 +
√
2)ı , α1 = 1 + (1 −
√
2)ı , α2 = 1 +
√
2 − ı , α3 = 1 −
√
2 − ı .
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Corollary 18 With the notations of the previous lemma, we have
4
√
2|H f (u)|2 = W 2 − X2 + 2XY + Y 2 − 2W Z − Z2 +
√
2(W 2 + X2 + Y 2 + Z2),
(22)
where, we use for brevity, W := Wa2(u), X := Wa0⊕a2(u), Y := Wa1⊕a2(u), Z :=
Wa0⊕a1⊕a2(u).
Proof By replacing αi , ζ by their complex representations, the corollary follows in a rather
straightforward, albeit tedious manner. unionsq
Theorem 19 Let f ∈ GB8n as in (21). Then:
(i) If n is even, then f is gbent if and only if a2, a0 ⊕ a2, a1 ⊕ a2, a0 ⊕ a1 ⊕ a2 are all
bent, and (∗): Wa0⊕a2(u)Wa1⊕a2(u) = Wa2(u)Wa0⊕a1⊕a2(u), for all u ∈ Zn2;
(i i) If n is odd, then f is gbent if and only if a2, a0⊕a2, a1⊕a2, a0⊕a1⊕a2 are semibent
satisfying (∗∗): Wa0⊕a2(u) = Wa2(u) = 0 and |Wa1⊕a2(u)| = |Wa0⊕a1⊕a2(u)| =√
2; or, |Wa0⊕a2(u)| = |Wa2(u)| =
√
2 and Wa1⊕a2(u) = Wa0⊕a1⊕a2(u) = 0, for
all u ∈ Zn2 .
Proof We use the W, X, Y, Z notations of Corollary 18. First, assume that a2, a0 ⊕ a2, a1 ⊕
a2, a0⊕a1⊕a2 are all bent (respectively, semibent). Then, replacing the corresponding values
of the Walsh–Hadamard transforms in Eq. 22 and using the imposed condition (∗) (respec-
tively, condition (∗∗)) on the Walsh–Hadamard coefficients, we obtain 4√2|H f (u)|2 =
4
√
2, and so, |H f (u)| = 1, that is, f is gbent.
Conversely, we assume that f is gbent, and so,
4
√
2 = W 2 − X2 + 2XY + Y 2 − 2W Z − Z2 + √2(W 2 + X2 + Y 2 + Z2),
which prompts the system
W 2 − X2 + 2XY + Y 2 − 2W Z − Z2 = 0 (23)
W 2 + X2 + Y 2 + Z2 = 4. (24)
We are looking for solutions in 2−n/2 Z (a subset of Q, if n is even or √2 Q, if n is odd).
We look at Eq. 24, initially, and apply Jacobi’s four squares theorem (see [9]).
Case (i). Let n = 2k be even. Thus, W, X, Y, Z are all rational (certainly, not all 0). Write
W = 2−n/2W ′, X = 2−n/2 X ′, Y = 2−n/2Y ′, Z = 2−n/2 Z ′, and replace (23) and (24) by
the system in integers
W ′2 − X ′2 + 2X ′Y ′ + Y ′2 − 2W ′Z ′ − Z ′2 = 0 (25)
W ′2 + X ′2 + Y ′2 + Z ′2 = 22k+2. (26)
Now, by Jacobi’s four-squares theorem, we know there are exactly 24 solutions of (26),
which are all variations in ± sign and order of (±2k,±2k,±2k,±2k) or (±2k+1, 0, 0, 0).
Further, it is straightforward to check that among these 24 solutions, only the eight tuples
(X ′, Y ′, W ′, Z ′) in the list below are also satisfying Eq. 25,
(−2k,−2k,−2k,−2k), (2k, 2k,−2k,−2k), (−2k,−2k, 2k, 2k), (−2k, 2k,−2k, 2k),
(2k,−2k,−2k, 2k), (−2k, 2k, 2k,−2k), (2k,−2k, 2k,−2k), (2k, 2k, 2k, 2k).
This implies that (X, Y, W, Z) ∈ 2−n/2Z4 are any of the following:
(−1,−1,−1,−1), (1, 1,−1,−1), (−1,−1, 1, 1), (−1, 1,−1, 1),
(1,−1,−1, 1), (−1, 1, 1,−1), (1,−1, 1,−1), (1, 1, 1, 1), (27)
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and (i) is shown (one can check easily that these solutions also satisfy condition (∗)).
Case (ii). Let n = 2k + 1 be odd. Then, at least one of X, Y, W, Z is nonzero and belongs
to
√
2 Q). As before, write W = 2−n/2W ′, X = 2−n/2 X ′, Y = 2−n/2Y ′, Z = 2−n/2 Z ′, and
replace (23) and (24) by the system in integers
W ′2 − X ′2 + 2X ′Y ′ + Y ′2 − 2W ′Z ′ − Z ′2 = 0 (28)
W ′2 + X ′2 + Y ′2 + Z ′2 = 2 · 22k+2, (29)
and so, by Jacobi’s four-squares theorem, Eq. 29 has exactly 24 solutions, which are all vari-
ations in ± sign and order of (±2k+1,±2k+1, 0, 0). Further, it is straightforward to check
that among these 24 solutions, the eight tuples (X ′, Y ′, W ′, Z ′) in the list below are also
satisfying Eq. 28,
(0, 2k+1, 0, 2k+1), (0, 2k+1, 0,−2k+1), (0,−2k+1, 0, 2k+1), (0,−2k+1, 0,−2k+1)
(2k+1, 0, 2k+1, 0), (2k+1, 0,−2k+1, 0, (−2k+1, 0, 2k+1, 0), (−2k+1, 0,−2k+1, 0).














2, 0,−√2, 0), (−√2, 0,√2, 0), (−√2, 0,−√2, 0),
which also satisfy condition (**). The converse is immediate, and (i i) is shown. unionsq
Example 20 A set of Boolean functions is called a bent set if the sum of any two dif-
ferent elements of the set is a bent function. Proposition 1 of [1] shows the existence of
a bent set (based on a vectorial bent function F : Fn2 → Fk2) of cardinality 2k , namely{
Fv : Fn2 → F2, Fv(x) = v · F(x)
}
, which is also closed under addition. Taking any such
bent set of cardinality ≥ 4, say S = { f0, f1, f2, f3, . . .}, define a0 = f0 ⊕ f1, a1 =
f0 ⊕ f2, a2 = f0 ⊕ f3, which satisfy the conditions of Theorem 19(a), because S is a bent
set closed under addition.
Example 21 Let n = 2t . A polynomial F(X) ∈ F2t [X ] is said to be a complete mapping
polynomial if F(X) and F(X) + X both correspond to permutations on F2t ; let us denote
the permutation corresponding to F(X) by πF . We establish an isomorphism between F2t




2. Let a0, a1 and a2 be
defined as follows:
a0(x, y) = x · y for all x, y ∈ Ft2,
a1(x, y) = x · y for all x, y ∈ Ft2,
a2(x, y) = πF (x) · y for all x, y ∈ Ft2.
Since πF is associated to a complete mapping polynomial all the functions a2, a0⊕a2, a1⊕a2
and a0 ⊕ a1 ⊕ a2 are Maiorana–McFarland type bent functions. Further, Wa0⊕a2(u, v) =
Wa1⊕a2(u, v) for all u, v ∈ Ft2, which implies that Wa0⊕a2(u, v)Wa1⊕a2(u, v) = 2n for
all u, v ∈ Ft2, whereas a0 ⊕ a1 ⊕ a2 = a2 implies that Wa2(u, v)Wa0⊕a1⊕a2(u, v) = 2n
all u, v ∈ Ft2. Thus, we obtain bent functions a0, a1 and a2 which satisfy the conditions of
Theorem 19 for the even case. For details on complete mapping polynomials we refer to [11].
8 Constructions of generalized bent functions in GB8n
In this section we characterize and define several classes of gbent Boolean functions.
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Theorem 22 If f : Zn+22 → Z8 (n even) is given by
f (x, y, z) = 4c(x) + (4a(x) + 2c(x) + 1)y + (4b(x) + 2c(x) + 1)z − 2yz,
where a, b, c ∈ Bn such that all a, b, c, a ⊕ c, b ⊕ c and a ⊕ b are bent satisfying
Wa(x)Wb(x) + Wa⊕c(x)Wb⊕c(x) = −2Wa⊕b(x)Wc(x)), for all x ∈ Zn2, (30)
then f is gbent in GB8n+2.
Proof We compute the Walsh–Hadamard coefficients (using that ζ = 1√
2
(1+ ı) and ζ 2 = ı)




















Applying Eq. 3 with (z, s) = (ı, c(x)), that is, i c(x) = 1+(−1)c(x)2 + 1−(−1)
c(x)
2 ı, we obtain
2H f (u, v, w) = Wc(u) + (−1)
vζ
2




(Wb⊕c(u) + Wb(u) + ıWb⊕c(u) − ıWb(u)) + (−1)v⊕wWa⊕b(u)










Therefore, the real and the imaginary parts of H f (u, v, w) are









4|H f (u, v, w)|2 = 12
(
Wa(u)2 + Wb(u)2 + Wa⊕c(u)2 + Wb⊕c(u)2
+2Wc(u)2 + 2Wa⊕b(u)2
)
+ (−1)v+w(Wa(u)Wb(u) + Wa⊕c(u)Wb⊕c(u) + 2Wc(u)Wa⊕b(u))
+ √2 ((−1)v(Wa(u)Wc(u) + Wb(u)Wa⊕b(u)) + (−1)w(Wb(u)Wc(u)
+Wa(u)Wa⊕b(u)))
(31)
Since a, b, c, a ⊕ c, b ⊕ c, a ⊕ b are all bent then |Wa(u)| = |Wb(u)| = |Wc(u)| =
|Wa⊕b(u)| = |Wa⊕c(u)| = |Wb⊕c(u)| = 1. Further, from the imposed conditions on these
functions’ Walsh–Hadamard coefficients, we see that Wa(u)Wb(u) + Wa⊕c(u)Wb⊕c(u) +
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2Wc(u)Wa⊕b(u) = 0, and also Wa(u)Wc(u) + Wb(u)Wa⊕b(u) = 0, Wb(u)Wc(u) +
Wa(u)Wa⊕b(u) = 0 (that is because if Wa(u) and Wb(u) have the same sign, then
Wc(u), Wa⊕b have opposite signs; further, Wa(u) and Wb(u) have opposite signs, then
Wc(u), Wa⊕b have the same sign). Using these equations, we get that 4|H f (u, v, w)|2 = 4,
and so, f is gbent.
unionsq
Remark 23 It is rather straightforward to see that condition (30) has 16 solutions. More
precisely, (Wa(x), Wb(x), Wa⊕c(x), Wb⊕c, Wa⊕b(x), Wc(x)) could be any of the following
tuples:
(−1,−1,−1,−1,−1, 1); (−1,−1,−1,−1, 1,−1); (−1, 1, 1, 1,−1, 1); (−1,−1, 1, 1, 1,−1);
(−1, 1,−1, 1,−1,−1); (−1, 1,−1, 1, 1, 1); (−1, 1, 1,−1, 1,−1); (−1, 1, 1,−1, 1, 1);
(1,−1,−1, 1,−1,−1); (1,−1,−1, 1, 1, 1); (1,−1, 1,−1, 1,−1); (1,−1, 1,−1, 1, 1);
(1, 1,−1,−1,−1, 1); (1, 1,−1,−1, 1,−1); (1, 1, 1, 1,−1, 1); (1, 1, 1, 1, 1,−1).
Theorem 24 If f : Zn+22 → Z8 (n even) is given by
f (x, y, z) = 4c(x) + (4a(x) + 1)y + (4b(x) + 1)z + 2yz, (32)
where  ∈ {1,−1}, a, b, c ∈ Bn such that all c, a ⊕ c, b ⊕ c and a ⊕ b ⊕ c are bent, with
Wa⊕c(u)Wb⊕c(u) + Wc(u)Wa⊕b⊕c(u) = 0, for all u ∈ Zn2, (33)
then f is gbent in GB8n+2.
Proof As in the proof of Theorem 22, we compute the Walsh–Hadamard coefficients, obtain-
ing
2H f  (u, v, w)
= Wc(u) + (−1)vζ Wa⊕c(u) + (−1)wζ Wb⊕c(u) + (−1)v⊕wζ 2+2Wa⊕b⊕c(u)







using the fact that ζ 2+2 = −, for  ∈ {1,−1}. Taking the square of the complex norm, we
get
4|H f  (u, v, w)|2 = Wa⊕c(u)2 + Wb⊕c(u)2 + Wc(u)2 + Wa⊕b⊕c(u)2
+2(−1)v+w (Wa⊕c(u)Wb⊕c(u) + Wc(u)Wa⊕b⊕c(u))
+√2 ((−1)v(Wa⊕c(u)Wc(u) + Wb⊕c(u)Wa⊕b⊕c(u))
+(−1)w(Wb⊕c(u)Wc(u) + Wa⊕c(u)Wa⊕b⊕c(u))
) = 4,
because c, a⊕c, b⊕c and a⊕b⊕c are all bent, so their Walsh–Hadamard coefficients are 1 in
absolute values, and Eq. 33 implies that the remaining coefficients are all 0 (that can be seen
by the following argument: if A, B, C, D ∈ {±1}, and AB + C D = 0, then by multiplying
by BC , we get AC + B D = 0, and by multiplying by AC we get BC + AD = 0).
Therefore, |H f  (u, v, w)|2 = 1, so f is gbent, and the theorem is proved. unionsq
Remark 25 The Eq. 33 has 8 solutions (as expected, since there are four degrees of freedom
and one constraint). Moreover, one can give plenty of concrete examples of functions a, b, c
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satisfying the conditions of our theorem. For example, if  = −1, one could take in Eq. 32,
a bent Boolean c, and a = b such that c ⊕ a is bent (for instance, if a = b are affine
functions, that condition is immediate). Then, Wa⊕c(u)Wb⊕c(u) + Wc(u)Wa⊕b⊕c(u) =
Wc⊕a(u)2 − Wc(u)2 = 0, and so, g as in our theorem is gbent.
Theorem 26 Let f : Zn+12 → Z8 (n is even) be given by
f (x, y) = 4c(x) + (4a(x) + 4c(x) + 2)y, (34)
where  ∈ {1,−1}. Then f is gbent in GB8n+1 if and only if a, c are bent in Bn. Moreover, if
g is given by
g(x, y) = 4c(x) + (4a(x) + 2c(x) + 2)y, (35)
where  ∈ {1,−1}, a, c ∈ Bn such that a, c, a ⊕ c are all bent, then g is gbent in GB8n+1.
Further, let h be given by
h(x, y) = 4c(x) + (4a(x) + 2)y, (36)
where  ∈ {1,−1}. Then h is gbent in GB8n+1 if and only if c, a ⊕ c are bent in Bn.
Proof We will show the first claim, since the proof of the remaining ones are absolutely
similar. As in the proof of Theorem 22, the Walsh–Hadamard coefficients at an arbitrary
input (u, v) are
√
2H f (u, v) = Wc(u) + ı(−1)vWa(u) = Wc(u) +  ı(−1)vWa(u),
and so,
2|H f (u, v)|2 = Wc(u)2 + Wa(u)2.
If a, c are bent, then |Wc(u)| = |Wa(u)| = 1, and so |H f (u, v)| = 1, that is f is gbent. If f
is gbent, then the equation Wc(u)2 + Wa(u)2 = 2 has as rational solutions only |Wc(u)| =
|Wa(u)| = 1, and so, a, c are bent. unionsq
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